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Dynamics and roughness of reaction fronts in heterogeneous solid-state chemical reactions
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A mesoscopic model to describe the reaction fronts in solid-state reactions is proposed. The model predicts
the existence of the linear regime{t, o is the average thickness of the reaction layés,the timg and the
parabolic regime ¢~ \t). The roughness of the reaction front is also considdi®ti063-651%98)04805-3

PACS numbegs): 82.20—w, 68.35—p, 82.65-i

I. INTRODUCTION influence the morphology of the reaction front. From the
general point of view one expects that the fluctuations favor
In heterogeneous solid-state reactions the reaction pro@n increase of the roughness of the initially smooth inter-
ucts separate spatially the initial materials. For a continuatiofiaces.
of the reaction process the reacting species have to diffuse There exists a versatile spectrum of underlying processes
across the reaction product. Therefore, these interface rea@d chemical reaction mechanisms, e.g., the detachment of
tions are controlled by both the elementary reaction rategtoms(ions, moleculesfrom the front of the reactants],
between two neighboring atontsr molecules of the react- the diffusion of the reactant particles through the product
ing species and the diffusion constants for the motioriayer[9], the real chemical reaction at the interfaces between
through the reaction product. At the initial stage of the inter-reacting species and reaction product, the relaxation of the
face reactions the film of reaction products between the bulk§nal molecules in the corresponding lattice of the reaction
of reacting species is thin. Therefore, the transport of reactProducts [9], the nucleation rate of possible interfacial
ing species through the dead zone of reaction products @rowth ledgeq10], and motion of possible dislocation mis-
sufficiently fast and the rates of the chemical processes at tH#s [7]. For a more detailed discussion we analyze the reac-
interfaces control the reaction velocities and therefore thdion processes of a spinel formation; see Fig. 1. Such a reac-
growth of the product phagé]. Usually the interfacial reac- tion can be described by an overall reaction equation, e.g.,
tions are not time dependefz—5], which results in a linear
reaction rate law in the regime controlled by interfacial re-
actions. On the other hand, the diffusion processes becon]]eh

relevant with increasing thickness of the reaction product NET€ EXists a large class of spinel reactions containing vari-
ous metal atom$11-13. A general property of all these

layer. The diffusion determines the reaction rate for a suffi- : : . . " .
ciently large size of the product layer. Consequently, thdeactions is the relatively high mobility of the cations and the

thickness of this layer follows a parabolic rate law in the €Xtremely low mobility of the(oxygen anions. In other

long time regime of heterogeneous solid-state reacfi6hs words, the anions fom.‘ an |mmob|I§ sublattice, which IS ap-

Two general principles acting at the reaction front of aprOX|mater stable durlng the reaction processes. The_lnltlal
solid-state reaction have to be consideréiithe minimiza- 'eactants and the reaction products have, of course, different
tion of the interfacial energy, which is the energy of the Ia_tt|ce c_onstants. This misfit is quahzed by various Iattl_ce
atomic arrangement along the interfa@e) the minimization d_|slocat|ons._ Only some_few materials show a very low mis-
of the activation energy for the interface movement, for ex-it: €-9-, the interfaces TiM®,/MgO and MgFgO,/MgO,

ample, the movement of the interfacial dislocations. Bothrespec_tively{14] ' Dist_ribution, mobility, qnd possible trans-
demands cannot be fulfilled simultaneougbge[7]). At the formations of these dislocations determine also the evolution

initial stage of the reaction, where the interfacial processe&f the interfaces. However, it can be assumed that the con-

determine the reaction rate, the activation energy for the intributions of these dislocations to the roughness of the inter-

terface motion is minimized by the reaction front assuming/@Cc€ are sufficiently small for the short time regifirecreas-

an appropriate structure, even if the latter does not involve a

MgO+A|203ﬁ> MgA|204 .

minimum of the interfacial energy. This corresponds to the __*=°5%"* * Teactien product ©  reactamt B
well-known fact that the interface is not in the chemical

equilibrium during the reaction controlled regirf@]. With detachment Ar> iffueion JB detachment
the further advancing of the reaction front, the diffusion con- return <A B> return
trolled regime may become appropriate, so that the reaction A c B
front due to a decrease of the reaction velocity at the inter-

faces may rearrange to adapt a structure according to the STP reactions  ay>
minimum of interfacial energy. This behavior corresponds to

the interface being in chemical equilibrium during the
diffusion-controlled regime. Besides the above minimal prin- FIG. 1. Reaction fronts and processes at the interfaces for the
ciples, the fluctuations of the diffusing reagent species maghemical reaction procegs+B—C.
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ing roughness On the other hand, the interfaces become 9

smooth at very long timeg&corresponding to a large thick- Nae) 75 2a@) (P, ) = ~Lae)(V)Zae) (P, D)+ (1)
ness of the reaction product zgrend only the dislocations

remain effective. Thus, the final interface structure is mainly + ) (p:t), (@]
determined by the equilibrium distribution of the disloca-

tions. where the first(*dynamical”) term in Eq. (1) describes

The formation and evolution of misfits is a result of the smoothening of the interface roughness, the second term cor-
anion sublattice deformation during the spinel reaction. Allresponds to an averaged escapeéA(B) reagents from the
other elementary steps are mainly determined by propertiggterfaces to theC layer caused by both adsorption-
of the cations and the corresponding cation sublattice. Weesorption and reaction processes, and the (fagbchas-

consider the reaction of the general type tic’) part describes fluctuations in these processes, which
lead to the interface roughness. It is assumed that the sto-
A+B—C. chastic termnmag)(p,t) corresponds to the Gaussian process

of zero average valug fag)(p,t))=0 and the correlation
The solid-state reaction is separated into the following charfunction
acteristic steps, see also Fig. 1. D , )

(1) Processes at the interfagdC: (i) detachment ofA (m(p)my(p" t"))=AA(DA(p—p")A(t—1"), (2)
particles from theA surface with the rate, ; (ii) integration
of returning A particles into phaseA with the rate
gana(A/C) [na(A/C) is the concentration of\ particles in
the reaction product zone at the interfadeC]. (iii ) Reaction
of B particles with particles of the phage with the rate
vgng(A/C). (iv) Relaxation of the rough interfac®/C into
an energetically favorable configuration.

(2) Processes in the reaction product zone: diffusioA of
and B particles with diffusion coefficient® , andDg, re-
spectively. d

(3) Processes at the interfa€¥B: (i) detachment oB NA(B)aZA(B)(t):jA(B)(t)- (3
particles from theB surface with the rateg; (ii) integration
of returning B particles into phaseB with the rate  The ratesj,g(t) at the two boundaries are given by the
dsng(C/B) [ng(C/B) is the concentration B particles in  following expression:
the reaction product zone at the interfa@B]; (iii) reaction

wherel,J={A,B}, and the functiong ,g(t) as well as the
operatorL (V) and the currenfg) in Eq. (1) will be
specified below.

First, we consider the dynamics of an averaged interfaces
motion. The averaged positions of the interfaces are deter-
mined aszag)(t)=(za)(p,t)) and obey the dynamical
equation, which stems from E{l) after the averaging over
the random noise:

of A particles with particles of the phad® with the rate jA(B)(t)z:qA(B)[ng(B)—nA(B)(zA(B)(t),t)]i Ye(mNe(A)
vaNA(C/B); (iv) relaxation of the rough interfac&/B into
an energetically favorable configuration. X[Zae)(1),t]. (4)

The aim of the present paper is to give a theoretical de- _ .
scription of these processes on a mesoscopic level. Section Tl€"€ Nae)(Z:1) Is the averaged concentration of thgB)
introduces the model. The time evolution of the thickness of €29€Nts in the layeE. The first term in Eq(4) describes the
the reaction product layer is considered in the first part oftscape of the reageA(B) from the bL_"kA(B) Omaterlal to
Sec. lIl. The roughness and other characteristic quantities ¢f€ 1ayerC and the return process, i.@ag)Nae)= A
the interface structure are considered in the second part &d  daw)Nae)lZace)(t).t], respectively; ”2(3)
Sec. Ill. Section IV contains the conclusion. = apg)/dace) cOrresponds to the equilibriugor saturation
concentration of thé\(B) “vapor” on the “solid-gas” in-
terfacesA(B)/C. The second term in Edq4) describes eras-
ing of theA(B) surface due to the chemical reaction with the
As mentioned above, we consider the chemical reactiodiffusing reagenB(A).
A+B—C. The materialsA and B occupy the regions-o° As mentioned above, we assume th%ga) (and therefore
<z<zp(p,t) and zg(p,t)<z<e, respectively. The range the ratio apg)/qaE) are very small as compared to the
between the two interfacea(p,t) <z<zg(p,t) is filled with  concentrationdN, andNg in the bulk A andB materials
the reaction produdE. The reagentéd andB diffuse through
the “neutral” region C with the diffusion coefficient 5 Nae <Nae) 5
andDg, respectively. The concentrationg andng of dif- , ) , )
fusing reagents within th€ layer are assumed to be very that is why we consider the reactions only on the interfaces.

small as compared to their concentratidig andNg in the ~ Propagation of the reagenfs and B through the reaction
bulk A andB materials. For not too large thickness of e  Product regiorC is described by the diffusion equations
layer, this allows us to consider the chemical reaction only
on the interfaces, neglecting the reaction processes in the
bulk of theC layer.

In analogy with the interface growth modgls5] we as-
sume that in the continuous limit the interface evolution iswith the following boundary conditions on the moving inter-
sufficiently described by the following linear equation: faces:

Il. THE MODEL

J 3
—[Na)(Z,8)]=Dag) —= Narg)(Z,1), (6)
&t[ aB)( 1 A(B) 972 aB)(



57 DYNAMICS AND ROUGHNESS OF REACTION FRONS . . . 5055

0 where some shortened notations have been introduced:
Dace) 5”A(B)(Zut)|z=zA(B)(t): + qA(B)[nA(B) —Naep)

0
_ Da)Nacs) (14)

X(zZa)(1),D]; (7 gA(B)_DAng-l-DBng’

D g —n (Z,0)],- = F e Nae (Zaoa(t),t) 1 1
A®) 57 "B 2D z=75 (0= + Ya@)Na@) (ZB(a) (1), 1) #a®=Dae| g—+—]. (15)

AB) YAB)

)
These conditions describe the dependence of the diffusin’gofS follows from Eq.(13), o(t) grows linearly at smalt:

reagent density on the evaporation-desorption processes on no n%y.lt
the “own” and on the chemical reaction on the “foreign” o(t)~ GaNaYa | 9ele¥e)t (16)
interfaces. datya dstysN
The system of equation8), (4), and(6)—(8) determines . . ]
completely the dynamics of the averaged interface motion.WhIIe at larget this growth slows down:
DnS+Dgnd 12
Il INVESTIGATION OF THE MODEL o(t)~ ZT (17)

A. Dynamics of the interfaces motion . o . .
Thus, the short time behavior is mainly determined by the

The system of dynamical equations is still too compli-ye|ocity of the chemical reactions at the interfa¢defined
qated for a stra|ghtfory\(ard solutlon. To proceed, we WI||. getby the reaction coefficienfag,) while the diffusion effects
rid of the above conditioit5). As will be shown below, this 56 ynimportantreaction controlled regime On the other
condition results in relatively small shifts of the mterfaceshand, the long time behavior is determined by the diffusion
during the typical diffusion timép=(2z5—2a)?/D. It allows  effects, whereas the reaction constants have no noticeable
one to consider the density distribution of the reagents in th%fluence(diffusion controlled regime The crossover time

layer C as the stationary solution to the diffusion equationstC is determined by comparison of E¢q46) and (17):
(6) with the boundary conditioné&7), (8), which contain the

time variablet only as a parameter. 0 o
These solutions are easily obtained in the following form:  te~2N(Danay+Dgng)

0 0 1-2
qana dsNg }

1+9a/ya 1+0g/ve 18
_ qA(B)ng(B)[Z_ Zga)+Dai)/7am)] (18)

Nae)(2,0 =+ Dae)(1+dae)/ Ya®) + dae)o(t)’ ©) For comparable parameters farand B reagents, we would
obtain a simplified estimate fdg :
where
1 1\N
O'(t)ZZB(t)—ZA(t) (10 t.~D a'f' ; E (19

is the averaged distance between the interfaces. With use of ] ) )
Egs. (3) and (6) we obtain the equation for the interfaces The obtained results determine completely the dynamic evo-

motion: lution of the interfaces. In conclusion of this section we will
demonstrate the validity of the quasistationary approxima-
d N do(t) tion used in solving the dynamical equatio(®, (4), and
aZA(B)(t): N ar (1)  (6)—(8). The criterion for the validity of this approximation
AB) is
and therefore da’(t)< " 00
ol s
do(t) 1 D,q;n? D dt

=< . (12
dt NiZZe Did+ai/y)+ao(t) where tp=min{o?(t)/D,,0%(t)/Dg} is the characteristic time
of the relevant reagent transport from one of the interfaces to

WhereN:NANB/(NA+ NB) The solution to Eq(lZ) with the other one. With use of Eq$l6), (17)7 and (18), the
the initial conditiono(0)=0 obeys the following transcen- inequality (20) reduces to

dental equation:

Dana+Dgng [ t }
1 ————————minj —,1; <1, (21
50'2+(§AMA+ Epmp) o~ Enép(pa— pp)? maxDa,Dg}N te
whose validity is guaranteed by the inequaligy.
XIn| 1+ W)
AMBT SBAA B. Roughness of the interfaces
0 0
_ Dana+Degng The above analysis of the dynamical growth of the inter-
=—t, (13 - L
N face separation length was based on a quite simple macro-
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scopic description, which is not too sensitive with respect to Lae)(ik)=fk® (s>0). (29

the microscopic details. On the contrary, the interface rough-

ness growth is caused by microscopic fluctuations ofThus, we may rescale the variable

adsorption-desorption and reaction processes, and its de-

scription, in general, depends on the concrete microscopic k—K[2fs(t—t")/Nag)] ™ (29

model. Within the framework of the effective phenomeno- ) o )

logical description Eq(1), the choice of the model corre- and obtain a simplified expression f&g)(t):

sponds to the choice of the operatgyg) (V) and the func- ,

tions A g (t) in Eq. (2). I'(2/s) ftd ,Aae)(t)
The interface roughness may be characterized by its 2ms(2f) NG Jo (1—t1)%s

mean-square value

Ra) (1) = (30

Now we should specify the correlation functiadng(t)
Race) () =(ha)(p,1)) (22 ic noi i -
A(B) AP/ of the stochastic noise variablgsg(p,t). As mentioned
above this noise stems from the fluctuations of ad-

where sorption-desorption and reaction processes. The average
hae)(0:)=2Zae)(p,1) — Zae)(1). (23 rates of .these three processes on t(t\e interface

_ _ A(B) are given byda)nae)lzae)(t)t], dae)Nae). and

The quantityhg)(p,t) obeys the equation Yea)Nea) Za) (1)1, respectively; see E¢4). We assume

P that these processes possess the Poisson statistics, which
N o —h t=—L V)h )+ 1). originates from the d_|screte nature.of the reage(stsot
A®) gt Nae (P A®(V)Nae) (P D)+ 7a)(p:1) noise. Below we consider the two noise models:
(24) (1) The model where there is no correlation between the
above three processes. In this model, the correlation function

Using the Fourier representation Ape (1) is given by

hA<B)(p,t)=f d2k/(2m)%hpe (kD expikp) (25 An) () =da@)[Nace)(Zae) (), +Nag)]
+ n z t),1). 31
[and similarly for ) (p,t)], we obtain from Eq(23) Yo Neia Zae) (1)1 3D
1 (2) The model where the adsorption and desorption are
h k.t)= J dt’ exd — L ik well correlated Sy that they do not contnbute tp the mtgrface
ae) (k) Nae)Jo H=Las (k) roughness. In this model, the correlation functibgeg,(t) is

, , determined only by fluctuations of the reaction process:
X (t=t")/Naig)]7a)(kt"). (26)

A t)= n z t),t). 32
Finally, we get a general expression for the roughness pa- A®) (D= Ya(a) () Zaie)(1).1) (32
rameterRag)(t) Eq. (22): 1. Model 1
1 [t Consider the time dependencef g)(t) in more detail.
Rae)(H) = NE fodt,f d?k/(2m)% exd — 2L ag)(ik) At short times {<t.) we find
A(B)
—t! ' 1+2daie)/Yar qB(A)ngA

1+0ae)/vae) 1+0sa)/vem)
The operatol (V) describes the smoothening of the in- (33
terface due to the change of the cation positions along the )
interface and due to the reorientation of the anion sublatticét long times ¢ <t)
in the case of a nonvanishing lattice misfit. In principle, this 0
operator corresponds to the linear response to an available Ane)(1)=20a@) N, - (34)
disturbance of a smooth interface. Such a representation |
always possible at a mesoscopical level under the consider-
ation that only small local interface gradients are observable:
This condition is almost fulfilled for real experimental situ-
ations. Generallyl 5g)(ik) depends on the orientation with
respect to the underlying lattice. We restrict our investigatio
to the isotropic case, but a generalization to the anisotropi
case is always possible. Furthermore, the influence of dislo- ,
cations onL ,g)(V) is neglected. But it should be remarked Jtdt’ Ape)(t )~2A (O (35
that for vanishing chemical reactions and particle exchange o (t—t)¥? AB) '
[ 7a(g)(k,t)=0] the number of particles is conserved, i.e.,
th(B)(p,t)dszO. Thus, one obtains immediately where the left-hand side approaches the exact value of the
lim,_ oL ag)(ik)=0. For a further discussion we restrict our integral in both time limits. We arrive at the following ex-
investigations to the isotropic power-law functitn g (ik) pression for the roughness dispersifor s=4):

us, in the model 1 there is no essential time dependence of
a)() in both time limits.

In further analysis we set=4 in Eq.(28), as it has been
accepted for the MBE growth procef®r explanation see,
n1‘or example[16]). In this case, the time integral in E(BO)
pay be written in an approximate form:



I'(1/2)
/2 AA(B)(t) \/f

Ar(2f VNG

Ra) (1) = )
(B)

(36)

In this model the roughness dispersion grows lilte
Note briefly that for the model witk=2 in Eq. (28) the
above expressiofB86) would be replaced by

/2

Ra)(t) = m (37

AA(B)(t)In(t/ ’T) y

where the microscopic cutoff time has been introduced to
eliminate the singularity of the integral kernel ttA(t') att

=t". Note that this cutoff is a natural quantity that descends

from the limited number ok vectors of the first Brillouin
zone.

2. Model 2
According to Egs(32) and (9), time dependence of the
correlation functiond 5g)(t),

0
Dg(a)ds(a)Na(a)

A t)= )
Ae) (V) Dga)(1+dga)/vea) +dena)o(t)

(39

is governed by the function(t). At short times {<t;) we
find

ds(aNB(A)
A )y~ —————, 39
ae)(t) 1+dga)/ vea) 39
while at long times {.<t)
DB(A)”% A
Ane)(t)=~ - (40)

[2(DAn3+Dng)/N]™2 '
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I'(1/2)
8m(2f,) YN

0
mDg(a)Np(A)

[2(Dan3+Dgng)/N]JY2
(42)

Rae)(D)= @

A(B)

Note that for the model 2 with the dynamic exponent
=2 instead ofs=4, we would have a similar saturation of
the initial roughness growth E¢37) by the value

1
RA(B)(t)NmAA(B)(tc)ln(tc/T)- (43

In the light of a large amount of work that has been done
on kinetic roughening showing the importance of nonlinear
and nonequilibrium termgfor references sefl6]-{18]) a
relevant question is how the nonlinearities modify the results
obtained above. In the case of a growth model with conser-
vation, a nonlinear term associated with the lateral growth
can be added on the right-hand side of ER.in the form
AVZ[Vzag(p,t)]% It is easy to see that such a nonlinear
term does not change the results obtained in Sec. Il A on the
time dependence of the average thickness of the reaction
product layer. On the other hand, the nonlinear term will
change the results on the roughness obtained in Sec. Il B. In
analogy to growth models with conservatidr6], we expect
that the nonlinear term will decrease the roughness. The
main purpose of this article is the description of the time
dependence of the average thickness of the reaction product
layer, where a lot of experimental results are available. So
far, there are no clear experimental evidences whether the
nonlinear terms are important for the growth of reaction
fronts. A detailed theoretical study of the effects of nonlin-
earities on the growth of the reaction front is left to a future
work.

There is a remarkable difference in the long-time behavior of

the noise correlation function for the two models, E@)
and (40), respectively. The long time decay Ed0) results

in the finite asymptotic value of the roughness dispersion
Fors=4 we find that the time integral in E¢30) is given by
Eq. (35 att<t., while at long timeg.<t, its value is

tdt’ App(t') 71'DB(A)ng(A)
N 0 0 12"
0 (t—t)¥2 [2(Dand+Dgnl)/N]

(41)

Thus, for the second model, the initial growtk (/t) of the
interface roughness Ed36) saturates at longer timeg(
<t) by the value

<(thA<B))2>: N2
A(B)

or

t
Jdt’f K2Md2k/(27)? exd — 2L a)(iK)(t—t")/Nag)]Aas) (L")
0

I'((2m+2)/s)

C. Transversal fluctuations

The roughness shows also a short time regime and a long
time regime. But it should be remarked tHRfg)(t) is a
global quantity. Especially the long time behavior is mainly
determined by large scales. Note that one obtains the same
roughness for interface fluctuations of the same order of
magnitude independent from the characteristic length scale
of the fluctuations, i.e., fluctuations on a microscopical or
mesoscopical length scale leads to the same rougif)gss
as fluctuations on a large macroscopical scale. Therefore a
discussion of the corresponding differential coefficients is
helpful. We obtain as a generalization of E7):

(44)

Aai)(t)

!

VMhag)?) =
((V™hae))%) 2ms(2f ) 22N

t
o
0

E)(2m+2)/s) (t_t/)(2m+2)/s'
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The long time behavior of the first two differential coefficients of sufficiently realistic MBE case4] becomes now for
model 1

A (t)

(32 Ape) () 1
167Tf4NA(B)

Vhae)?)~ ~ T
<( A(B) ) 477(2f4)3/2N,(AJi/§))\/;

In(t/7) and ((Ahag)?)

whereas model 2 is characterized by the mean square interface gradient

0
Dg(a)Ng(a) 1
~ 5 5 1/2—|n(t/7)
167f4Na(s) [2(Dana+Dgng)/N] t

<(VhA(B))2>

and the mean square curvature

I'(3/2) De(a)N3(a) 1
(2f2)%NyG, [2(Dan+Dgnd)/NTM2 V7’

<(AhA(B))2>%87T

It is remarkable that both the gradient fluctuations and thdronts in heterogeneous solid state chemical reactions. The
curvature fluctuations of model 2 decrease fer». Thus long time regime and the short time regime of the growing
the microscopical(and mesoscopicalroughness vanishes interface can be described by a few mesoscopic parameters.
and only the roughness at large scales remains effective. Orhe relation between these parameters and microscopical
the other hand, model 1 retains a certain roughness becauggantities can be obtained by standard techniques of solid
((Ahagy)?) converges to a finite limit an{ Vhag))?) con-  state quantum mechanics. The crossover between the two
verges. However, that is not a surprising result because ajime regimes corresponds to a change from reaction
though the influence of the chemical reactions on the intergontrolled processes at short times to diffusion controlled
face decreases with increasing tintand therefore an ocesses at long times. The characteristic crossover time is
increasing thickness of the produgt laybut the detachment defined by Eq(18). The averaged thickness of the reaction
of the atoms of typé\(B) from.the mterface!'-\/C(C/B) and éaroduct layer increases monotonously and behaves like
the returning of these atoms is always active. The last effect . . .

~t at short times and-/t at long times. This crossover

is_ suppresse_d in m(_)del 2. The rgturning atoms have a SUﬁBehavior is well known from various experimerjs4,6.7
ciently long time to find a energetically favorable place at the rthermore, the influence of the regimes to thé ,ro.ugh

interface. Such a correlation between the detachment and the! . o
returning of particles leads to the fact that only chemicaln€ss of interfaces was also observed at least qualitatively
reactions at the interface remain effective; i.e., the interfacé’ 811

shows an increasing smoothing at mesoscopical scales. If the

interface becomes sufficiently smooth, the influence of dis-

locations becomes relevant. Such a regime can be explained ACKNOWLEDGMENTS

by a usual equilibrium dynamics of the dislocations at the

analyzed interface. The authors acknowledge support from the Deutsche For-
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IV. CONCLUSION
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